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Introduction
©00

Motivation

m Has been implemented in Agda
m Has been used to study type theory within itself

m This paper verifies consistency
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Introduction
000

What is an inductive-inductive type?

An inductive type A : Set together with type indexed family B : A — Set

Inductive A : Set :=

| ..
mutual B : A -> Set :=
|

3/65



Introduction
ooe

Inductive-Inductive buildings

ground : Platform,
extension : ((p : Platform) x Building(p)) — Platform,
onTop : (p : Platform) — Building( ),
hangingUnder : ((p : Platform) x (b : Building(p))) — Building(extension({p, b)))

st

Fig. 1. onTop(p), extension((p,b)) and hangingUnder({p, b)).
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Mutually Inductive
©000

Simultaneous inductive to Inductive-Inductive

Simultaneous inductive

introa : ®a(A,B) = A introg : ®g(A,B) — B

Inductive-inductive

introa : ®a(A,B) — A introg : (a: ®g(A, B)) — B(ias(a))
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Mutually Inductive
0000

Strictly Positive

Remember from yesterday last week that we had

intro : ®(A) — A
where the functor ® was constructed as follows:
m No premises: ®(A) =1
m Non-inductive premise: ®(A) = (x : K) x W, (A)
m Inductive premise: (A) = (K — A) x V(A)
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Mutually Inductive
0000

Strictly Positive Operators

If we then move to defining two sets, we get

introa : (A, B) — A introg : (A, B) - B
No premises: ®(A,B) =1
Non-inductive premise: ®(A, B) = (x: K) x V,(A, B)
Premise inductive in A: ®(A, B) = (K — A) x V(A, B)
Premise inductive in B: $(A,B) = (K — B) x V(A, B)
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Mutually Inductive
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Strictly Positive Operators

Moving from a simultaneous inductive to an inductive-inductive defition
introa : ®a(A,B) — A introg : (a: ®g(A, B)) = B(iag)

m No premises: (A, B) =1
m Non-inductive premise: (A, B) = (x: K) x W, (A, B)
m Premise inductive in A: ®(A, B) = (K — A) x V(A, B) Premise inductive in

A: LA B ={K—A)<xV{A-B} Premise inductive in A:
P(A,B) = (f : K= A) x W¢(A, B)*

m Premise inductive in B: ®(A, B) = (K — B) x W(A, B) Premise inductive in

B: ¢{AB}={K—B)<W{A-B} Premise inductive in B:
P(A,B) = (f : ((x: K) = B(iag(x)))) x Ve(A, B)x

* : This W is only allowed to depend on f : K — A for indices of B
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SP 4 and Argp
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Axiomatisation using coding

SP, : Type SPg : Type

together with

Arg, Argg
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SP, and Argp
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SP4: Formation Rule

Aer - Set B,.r : Set
SPA(Arefa Bref) . Type

Eventually, we only want to look at codes that don't already have any elements:
SP’'as :=SPa(0,0)
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SP 4 and Argp
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SP 4: Introduction Rules

nila : SPA(Arer, Brer)

K : Set v K — SPA(Arefu Bref)
nonind(K, ) : SPa(Aref, Brer)

K : Set v SPA( ref 1 K Bref)
A- |nd( ) SPA(Arefu Bref)

Representing a trivial
constructor

Representing a constructor with
a non-inductive argument

Representing a constructor with
an A-inductive argument
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SP 4 and Argp
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SP4: Introduction Rules (cont)

K : Set hindex : K — Aver v SPA(Arefa Brer + K)
B'ind(K> hindex7 7) : SPA(Arefa Bref)

Representing a constructor with a B-inductive argument
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SP 4 and Argp
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Example

If we look at the following constructor:

extension : ((p : Platform) x Building(p)) — Platform
Let's rewrite it so that the rule will fit on the slide:

ext: ((p: A)) x B(p) = A
Then this rule would have following code:

Vet = A-ind(1, B-ind(1, A % .5, nila))

Where then ve : SP'a = SPa(0,0), and p = inr(x) is the element representing
the "induction hypothesis”
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SP 4 and Argp
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Arg,: Formation Rule

repp @ Arer — A
Aver, Brer : Set A : Set r€Pingex : Brer = A
v : SPA(Aref, Bref) B : A — Set repg : (X : Brer) = B(repingex(x))
Arga(Arer, Brer, 75 A, B, repa, r€pingex, rePg) : Set
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SP 4 and Argp
000000800000 000

Arg,: Formation Rule

repp : Aer — A
Aref, Brer 1 Set A - Set r€Pindex - Brer — A
v+ SPa(Aref, Brer) B:A—Set  repg: (x: Brr) = B(repipgex(x))
Atgn(Arer, Bror, 7, A, B, rePa, 1€Dgor, feDg)  Set

~ represents a constructor, which can make use of the elements represented by
codes in A,.r and B,.r
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SP 4 and Argp
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Arg,: Formation Rule

repp : Aer — A
Avref, Brer 1 Set A - Set r€Pindex - Brer — A
v : SPa(Aref, Brer) B:A—Set  repg: (x: Brr) = B(repipgex(x))
Atgn(Arer, B, 7, A, B, rePa, 1€Pgor, feDg)  Set

Since A and B are yet to be defined, these input sets are allowed to be arbitrary
for now
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SP 4 and Argp
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Arg,: Formation Rule

repa : Arer — A
Aer, Brer : Set A - Set r€Pindex : Brer — A
v : SPA(Aref, Bref) B:A— Set repg : (X Brer) — B(repingex(X))
Arga(Aver, Brer, 7, A, B, repa, répingex: r€Pg) : Set

The various rep functions map elements to their real counterparts
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SP 4 and Argp
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Arg,: Formation Rule

repa : Arer = A
Aer, Brer : Set A - Set r€Pindex : Brer — A
v : SPA(Aref, Bref) B: A — Set repg : (X @ Brer) = B(repingex(x))
Arga(Arer, Brer; 75 A, B, repa, r€pingex, repg) : Set

The code 7y represents a constructor. Arg, gives the domain of that constructor.
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SP 4 and Argp
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Another definition: Arg’,

We are mostly interested in the case where A, = B,er = 0, in that case:
my:SP'A
mrepy 0= A
B repjge 0 — A
m repg : (x 1 0) = B(repipge.(X))
Since their types already determines our choices for these functions, we define:

Al’g,A(’)/, A, B) = Al’gA(O, 0,’)/, A, B, !A, !A, !BO!A)
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SP 4 and Argp
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The code nily represents a constructor with no argument, and as we saw earlier,
the domain for that constructor is 1

ArgA(Aref7 Brefa niIAa A7 87 r€Pa; 'ePindexs repB) =1
The code nonind(K, ) represents a constructor with a non-inductive argument

ArgA(Afefﬂ BFEf7 nonind(K77)7 Aa 87 rePa; MePindex> repB) = (k : K) X ArgA(' < aV(k)a s )
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SP 4 and Argp
000000000000 e00

The code A-ind(K, ) represents a constructor with an A-inductive argument

ArgA(Areﬁ Brefa A'ind(K7 7)3 Aa Bv r€Pa; MePindexs I’EPB) = (J K= A) X ArgA(' N 7’)/(/()3 s )
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SP 4 and Argp
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And B-ind(K, hingex, 7) one with a B-inductive argument

ArgA(Aref,Brer, B-ind(K, hindex, ), A, B, repa, r€pindex: '€Pg) =
(@ (k: K) — B((repa © hindex)(k)))
X Arga(. .., Brer + K, 7(k), - -, repingex L (repa © hindex); repg L j)

22/65



SP 4 and Argp
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Example

If we go back to our example from earlier with extension, it had the following
code:

Vet = A-ind(1, B-ind(1, A % .5, nila))

It would the following Arg’,:
Arg’ s(Vext, Platform, Building) = (p : 1 — Platform) x 1 — Building(p(x)) x 1
Arg’ s(Vext, Platform, Building) = (p : Platform) x Building(p)
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Towards SP for B
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Motivation

m We now have representations for (eventual) elements of A and B, and we
can reference those representations

m We might want to reference a constructor of A as an index for B, but such
a constructor will need arguments

m We need to represent an element of Arg',(7, A, B)

Intuitively, we might want to construct Arg' (7, Aref, Brer) and then use elements
from there as representations.
But: A,er and B, are not quite of the right form yet
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Towards SP for B
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The ldea

We will construct:

m A.r: Set

m B Aer — Set

mTepy  Aer — A

m 72P5 ¢ (x : Arer) = Brur(x) — B(FePA(x))
From these we will then get a function

Iift/(repAa repA) : Arg'A(’% Aref7 Bref) - Arg’A(’Y’ A7 B)
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Towards SP for B
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Aref

m A,r . Everything we need to represent A
m B, : Everything we need to represent B
m So including elements a from A to serve as incices
m A, : Everything that actually represents an a in A
m So including those elements from B,er
B Aer i= Arer + Brer .
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Towards SP for B
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Bref

If 3 from A, represents a from A, then elements from B,.¢(3) should
represent elements from B(a)

If 3is from A,.r then it is either from A,.r or from B,.f
If it is from A, then we don’t know any elements from B(a)

If it is from B, then we know one element: repg(3a)
Ber := (Ax.0) LU (Ax.1)
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Towards SP for B
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repa

We define:

mTEps  Arer = A= (Arer + Brer) > A

m How to map those to the elements of A they represent we already know:
B repp 1= repy L F€Pindex
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Towards SP for B
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m rep, ¢ (X : Arer) — Brer(x) — B(repa(x))
m If x comes from A, then E(X) = 0 we have nothing to map, and we use
I 4 to construct a function of the right type

m If x comes from B,es then B,er(x) = 1 and we need to map that element to
the one element we know exists

m fep, = (Ax.lgor, ) L (Ax @ *.repg(x))
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Towards SP for B
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If we have g : A— A* and g’ : (x : A) = B(x) — B*(g(x)) then we can also
construct:

Iift,(gag/) : Arg,A(’% A7 B) — Arg'A(r% A*a B*)

We skip the proof for time reasons
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Towards SP for B
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Using the lift function

We now give the following two definitions
u argA(% Arefa Bref) = Arg'A(fY?m? z)
m [ift(repa, repipgex; repg) := lift'(7ep,, Fepg)

m lift(repa, rePingex: '€Pg) : ATBA(Y; Arefs Brer) — Arg'a(7, A, B)
m lift(repa, rePindexs rePe) : Arg' a7y, Arer, Brer) — Arg'a(y, A, B)
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Towards SP for B
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Representation for arguments

m repp ;= lift(repa; repingex; rePs)
B repp g - arga(7, Arer, Brer) — Arg'a(v, A, B)
m We now have represenations for arguments to constructors
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Towards SP for B
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Example

Let's look at e again:
extension : ((p : Platform) x Building(p)) — Platform
Yext = A-ind(1, B-ind(1, A x .5, nila))
and
Arg’ s (Yext, Platform, Building) = (p : 1 — Platform) x 1 — Building(p(*)) x 1

Arg’ s (Vext, Platform, Building) = (p : Platform) x Building(p) x 1

Also assume we have Ayr = Brer = 0+1 .
Then A,ef = Arer + Brer has two elements: p = inl(inr(x)) and pb = inr(inr(x))
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Towards SP for B
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Example
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Towards SP for B
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Nested Constructors

Our arg fuction has given us the tools to go from a representation for A and B to
represenations of arguments of constructors
Now, we want to be able to nest those constructors as well
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Towards SP for B
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Nested Constructors

Let's say we have a sequence é,ef(,,) = Bref0, Bref .1y -y Brer.n—1. (Note that

é,ef(o) is just an empty sequence.)
We now define:

arg%('% Arefa gref(O)) - Aref

—

al’g"HOA(% Arefa gref(n+1)) - argA(’Y? _I_ argiA(/Ya Arefa Bref(i))a Bref,n)
i=0

argk represents k nested constructors
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Towards SP for B
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Looking at argj

—

arg/l\(% Aref; Bref(l)) - argA(77 argg(% Aref; éref(O)); Bref,O)
= arg%(’Y: Arefa Bref,O)
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Towards SP for B
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In the "real” world

Argg(% A, é(O)) =A

n

Argat (7, Aver, Bri1) = Arg'a (v, = Arga(v, A, B), | | BY)
i=0 i=0

Where B,y = By, By, .., Bo_1, with B; : Argh(va, A, B(i_1)) — Set
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Towards SP for B
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repindex, i

If we now have the following:
morepy  Aer > A
B 1€Pingex, i Bref,i — Arga(, A, é)
m repg; ¢ (X Bref,i) = Bi(repingey, i(X))
Then we can construct:
W repy ¢ arga(y, Arer, §,ef) — Arga(7, A, é)

| repA’ 0 = repa
u rep/—\, n+1— “ft(H?:orepA, i in,, ° repindex, n» repB, n)
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SPg and Argg
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m SPg Codes for constructors
m Argg Maps codes on types

m Indexg assigns elements b : B(a) to their index a
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SPg and Argg
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Formation rule for SPg

SPg is like SP4 but two differences
m We can refer to constructors of A (va : SP, and By, 0, . .. Bres, /)
m We need an index for codomain of constructor
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SPg and Argg
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Formation rule for SPg

YA ¢ SP,A Aref i Set Bref, 0, Bref, 1.~ -,Bref, k: Set
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SPg and Argg
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Formation rule for SPg

Aref : Set Bref : Set
SPA(Arefz Bref) : Type

l")/A : SP,A Aref : Set Bref, O[ Bref. 15--- 7Bref k]: Set
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SPg and Argg
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Formation rule for SPg

hangingUnder : ((p : Platform) x (b : Building(p))) — Building(extension((p,b))).

YA SP,A Aref : Set Bref, O[ Bref. 1y -- -,Bref k]: Set
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SPg and Argg
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Introduction rules for SPg

nﬂB (aindex )
nonind (K, )

A-ind(K,7):

Bg-ind(I(, hindexv r)/)
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SPg and Argg
0O00000®@00000000000

Introduction rules for SPg

Qindex * +f=g argl, (v, Avet, Brer)
nilg (@index ) : SPB(7A, Aret, Bref, 0 - - s Bref, k)
K :Set ~:K — SPg(ya, Aret, Bret. 05 - - -  Bret. k)
nonind( XK, ) : SPe(Va, Arets Bref, 0+ -+ - s Bref, k)
K :Set ~:SPg(va, Aret + K, Bret, 0, . . . Biet, i)

A-ind(K,7) : SPp(vA, Aret, Bret, 05 - - Bret, i)

hindex : K — argf\(”f;‘n Aref, Bref)
K : Set v SPB (W’A! Arefs Bref. Os5--- -.Bref, et I{- o aBref, k)
B-ind(K, hindex: 7) : SPB(74, Avets Bret, 04+« + s Bret, k)
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SPg and Argg
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Introduction rules for SPg

Qindex * +f=g argl, (v, Avet, Brer)
nilg (@index ) : SPB(7A, Aret, Bref, 0 - - s Bref, k)
K :Set ~:K — SPg(ya, Aret, Bret. 05 - - -  Bret. k)
nonind( XK, ) : SPe(Va, Arets Bref, 0+ -+ - s Bref, k)

IlilA : SPA(Aref- Bref)

K:Set 7:K — SPa(Arer, Brer)
nonind (K, ) : SPa (Aver, Bret)

K :Set ~:SPp(va,Aret + K, Bref, 0, - - -, Bref, &) K :Set 7y:SPa(Aes+ K, Brer)
A-ind(K, ) : SP(YA, Aret: Bret, 0, - - - » Bret, &) A-ind(K,7) : SPa(Aret, Bret)
hindex : K — argf\(”f;‘n Aref,Bref) Rindex : K — Amf
K :Set ~v:SPa(vasAvets Bret, 05+« Bret, ¢ + K, ..., Breg, 1) K : Set 7 : SP A (Aref, Bret + K)
Bg-ind([(, hindex7 r)/) : SPB(’T’Aa Aref: Bref. Os--- aBref, k) B'Hld(K hiudex- "J) : SPA(Arefs Bl‘ef)
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SPg and Argg
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Introduction rules for SPg

[ Aindex * +§=D argfq (’)’A& Al‘ef,~ Bref) ]
nilg(@index ) : SPB(va. Aref, Bref. 0. - - ., Bref. )

IlilA : SPA(Aref- Bref)
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SPg and Argg
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Introduction rules for SPg

hindex : K — argf\(”)’A, Aref, Bref) Rindex : K — Aref
K :Set v SPB(’}/A,Amf, Bmf_o,...._JBrefv g+[(,... aBref, k) K :Set "r’!SPA(Areg BreerI()
Bg-ind([(, hindex7 r)/) : SPB(’T’Aa Aref: Bref. Os--- aBref, k) B'Hld(K hiudex- ’7) : SPA(Arefs Bl‘ef)
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SPg and Argg
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Introduction rules for SPg

Rindex : K { argf\(”)’A, Apet, Bref)] Rindex : K
K :Set v SPB(’}/A,Amf, Bmf_o,...._JBrefv g+[(,... aBref, k) K :Set "r’!SPA(Areg BreerI()
Bg-ind([(, hindex7 r)/) : SPB(’T’Aa Aref: Bref. Os--- aBref, k) B'Hld(K hiudex- ’7) : SPA(Arefs Bl‘ef)
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SPg and Argg
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nily, nonind, A-ind are analogous to Arg,

niIB(a;ndex) -1
nonind(K,~) — (k : K) X recursive call
A-ind(K,v) — (j : K — A) x recursive call
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SPg and Argg
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B,—ind(K, hindex;’)/) —
(J: (k:K)— Bi((Repa. © hindex(k)))x recursive call
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SPg and Argg
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The last missing piece is now Indexg
Again we do case distinction on the codes
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SPg and Argg
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k

IndeXB (’yAJ Ar&f: BrEfy IlilB (aindex); A: E: repa; répindex? répBJ *) = ( | | repA,i) (a‘index)
=0
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SPg and Argg
0000000000000 00e00

Indexg(va, Aret, Byt nonind (K. v), A, B, repa, '€Pindex: 'ePR, (k. Y)) =
IndeXB(—J - == f}/(k)u -1 ==y =y = = y)
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SPg and Argg
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IndeXB(’YAJ Aref; Brefa A_ind(K1 7)7 AJ BJ T€P A, répindexa I‘é‘pBw (J& y)) =
IIldEXB(_, Aref + K: —3 Vs = T€PA U j1 et Bt y)
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SPg and Argg
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IIldeXB (FYA: AFEfu BFEfa B l_ind K. h 3 AJ B: TePas répindexv répBu (J: y)) =
IndeXB(-a - = Bmf; 71+K: == Vs =y == = == repindex:nu(repA,noh)a bt Rt repB,nuj: - y)
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Formation rules

Y4 :SP'a 78 :SP's(7a)
A g Set

Ya:SP'A v :SP'g(7a)
B’YAKYB : A'7A77B - Set

All rules will have the premises v4 : SP's and 75 : SP'g(74), so from now on
we'll leave them out
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Introduction rule for A

a: Arg's(7a, Arpie: B’YAv'VB)
introa(a) : A, 45
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Introduction Rule for B

b: Al’g’B(’)/A,A B Bl,...,Bk)

YAYYBY T YAVB?

introg(b) : B,, . (index(b))

We don't have these yet!
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00000000
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We still need the various functions B; : Argg(7a, Avynes Boane) — Set
We will need to define:

n 1) — AWA,WB

intro,, : Arga(va, A, s Bos _
A _1) — Set

B
B, : Argz‘(%‘\: YAYB Bo, B

ceey n

61/65



Rules
00008000
B;’
i S

introg = id
n n
intro, 1 = introg o Iift'(|_| intro;, |_|()\a.id))

i=0 i=0

Bi(x) = Byss (intro;(x))
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One more definition

K
index = (I_l intro,-) o Indexz (Y4, 78, Aypvgs Bos -y Bi)
i=0
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Introduction Rule for B

b: Arg's(vas Aysves Byass By -y Bi)
introg(b) : B,, 4 (index(b))
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Questions?
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